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Abstract

An algorithm to calculate NMR signals of a multi-echo pulse sequence with arbitrary position dependent By and B fields taking
into account relaxation and spin-diffusion is presented. The multi-echo pulse sequence consists of an initial RF pulse (“90°” RF
pulse) and a series of L refocusing RF pulses with arbitrary phases and flip-angles. The calculation is exact and takes into account
all the magnetization pathways that contribute to the signal on a predefined spatial grid. The theoretical prediction is verified exper-
imentally using a high field NMR microscopy system. The algorithm was implemented in a simulation program in order to optimize
the design of an inside-out MR intra-vascular catheter that is used for characterization of vessel wall tissue. Measured data obtained

with the catheter are in good agreement with the theoretical prediction of the simulation.

© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we present an algorithm to calculate the
magnetization M and signal s of a multi-echo pulse se-
quence vs. time on a grid of spatial points r = {x;, y;,z;}.
M and s are calculated for a known position dependent
static magnetic field By(r) and RF field B, (r) by solving
the Bloch Equations taking into account relaxation and
spin-diffusion. The algorithm is utilized to optimize the
design of a new MR intra-vascular catheter that is used
for tissue characterization at the vessel wall.

Based on reference [18] we assume throughout the pa-
per that any RF pulse can be considered an instanta-
neous operator applied at the RF pulse center and the
evolution of the magnetization is calculated by applying
free rotation, relaxation and spin-diffusion between
adjacent RF pulse centers. The evolution of the
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magnetization along the train is analyzed using phase
diagrams.

During the past few years, new NMR applications
that operate in inhomogeneous fields where B; and B,
vary by more than an order of magnitude over the vol-
ume of interest were developed. These applications in-
clude stray field NMR [1], oil well logging [2,3],
material testing [4,5], and other applications [6] where
the magnetic fields are generated from outside the sensi-
tive volume. Such MR systems are referred to as inside-
out systems [5]. The algorithm presented in this work is
suitable for systems with very inhomogeneous magnetic
fields such as inside-out systems and also for conven-
tional MRI scanners.

Kiselev [7] calculated the evolution of M in a se-
quence with many RF pulses taking into account spin-
diffusion and relaxation. In this paper we use a different
although equivalent approach (see Discussion and con-
clusion) to solve for M and s by writing it as a finite
sum of coherence pathways [8].
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An elegant analysis of the NMR signal with and
without spin-diffusion using coherence pathways for a
train of RF pulses with a constant inter pulse delay
was given by Kaiser et al. [8]. They showed that in the
presence of spin-diffusion the decay rate due to diffusion
varies for different pathways. Since the number of path-
ways increases with the number of RF pulses an analyt-
ical calculation of the echo signal in terms of coherence
pathways is not feasible. Zur et al. [9] extended this anal-
ysis to time-varying gradients with an arbitrary wave-
form in a steady-state free precession (SSFP) pulse
sequence. Hennig [10,11] and Zur et al. [12] used phase
diagrams to calculate signals in a multi-echo pulse se-
quence using the pioneering work of Woessner [13].
Other investigators [14—17] analyzed the signal of a mul-
ti-echo sequence based on coherence pathways and the
effect of spin-diffusion on these pathways.

In the first part of the paper we shall calculate
the magnetization and the signal on the grid r where
B (r), By(r), the diffusion coefficient D (r) and the relax-
ation times depend on r. Then we shall present an exper-
imental verification of the algorithm using a high field
MR microscopy system and an inside-out intra-vascular
MR catheter.

2. Theory

A multi spin-echo pulse sequence is shown in Fig. 1.
It consists of a train of L refocusing RF pulses with flip
angles 0; and phases ¢;(j = 1 to L), preceded by an initial
RF pulse of flip angle 6, and phase ¢q. The j refocusing
RF pulse operator is denoted P, and the initial RF pulse
operator is denoted P,. The time between Py and P is 7,
and between adjacent refocusing RF pulses 27. The cen-
ter of Py is defined as time # = 0, and the center of P;is at
t =(2j — 1)-1. There are L echoes and echo j is centered
at t = 2jt. Py converts the initial longitudinal magneti-
zation M, into transverse magnetization M,, and
subsequent refocusing RF pulses P; refocus M,, and
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Fig. 1. A multi spin-echo pulse sequence with L refocusing RF pulses

P to P and an initial RF pulse Py. P, is applied at z = 0 and the j RF
pulse P; at t = (2j — 1)-7. The peak of echo j is at t = 2jr.

generate echoes. Hence the RF angles 0, and 0; of P
and P; should be close to 90° and 180°, respectively.

In many inside-out scenarios this is not possible be-
cause B; varies spatially. To obtain an optimal signal
that is insensitive to RF imperfections we use the CPMG
condition [19] that requires a phase difference of 90° be-
tween ¢, (the phase of Py) and ¢; (the phase of all P)).
We usually use ¢y =0° and ¢; = 90°. However, M can
be calculated for any arbitrary 0; and ¢;.

The evolution of the magnetization depends on the
frequency-offset Af(r) between the Larmor frequency
of the spins and the frequency of the RF pulses, the
RF field strength and the waveforms of the RF pulses.
The RF field By (r) is

B\ (r) = by(r) - I(¢) - cos(2mfrt + ¢), (1)

where f7 is the frequency of the RF pulse, b; () is the RF
field per unit current, ¢ is the phase of the RF pulse and
1(?) is a shaped current waveform designed to excite a
selective volume [20]. The component of b;(r) that is
perpendicular to By (r) affects the magnetization. We de-
note it by, (r). Since by, depends on r, the current / must
be optimized for maximum signal over the excited
volume.

Another consideration is the frequency dependence
of the current / in the coil. The bandwidth B of the
RF coil is B =1, where fr is the frequency of the
RF pulse and Q is the quality factor of the coil. The cur-
rent in the coil is very low at frequencies beyond B. For
inside-out MR systems the range of Larmor frequencies
usually far exceeds the coil bandwidth. Therefore cur-
rent waveform 7(f) must be frequency selective with
bandwidth smaller or equal to B while exciting a partial
volume or slice. Shifting the excitation frequency fr ex-
cites other slices until the entire volume is covered.

To calculate the evolution of the magnetization along
the echo train we shall derive the RF pulse operator and
the free rotation operator between RF pulses and con-
catenate them.

All the computations of the magnetization are done
in a reference frame where B, is along the z-axis and
byp, the perpendicular component of By, is in the x—y
plane. This reference frame is referred to as the B
frame, and the reference frame where By and B, are mea-
sured or simulated is referred to as the lab frame. b;, and
B, in the B, frame are denoted b,,, and Bj,,, respec-
tively, since they are in the x—y plane. The rotation oper-
ator from the lab frame to the B, frame is calculated on
a pixel-by-pixel basis since By and By depend on r. The
transverse and longitudinal magnetization M,, and M.
are always defined and calculated in the B, frame.

By, per unit current, denoted b;,,, has only two
components b, and b,. Therefore, it can be written as
a complex quantity

blxy = bx + iby7 (2)
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where i =+ —1. The magnetization M is written as a
column vector M = [M,,, M* , M.]" where

Xy

M,=M,+iM, (3)
and M} is the complex conjugate of M,, [20].

2.1. RF pulse operator

In this section we shall write M in units of M, the
thermal equilibrium magnetization, so that by definition
My =1. The RF pulse operator with arbitrary waveform
is calculated by dividing the waveform into N piece-wise
constant segments. The operator in each segment is a
rotation about the effective field By, whose magnitude

and angle @ with the z-axis are |Be| = lxy + AB?
and ® =tan~ (le}/AB) respectively, where AB = Afly
and y is the gyromagnetic ratio. These N rotation matri-
ces are multiplied, yielding the RF pulse operator P. As
shown in [20] the calculation of P is most efficient using
the Cayley—Klein parameters o (Af, By,,) and (Af, By ,,)
that depend on Af'and B, ,. The computation of « and f
must be efficient, because they are calculated for each
point on the grid.

The RF pulse operator P that operates on the column
vector M is a 3-by-3 matrix given by [20]:

ij (oc*)2 —Bz 20 B M,
My )= -6 & 20 || My )
M —o*fF —af ofo— BB M7

(4)
where M~ and M denote the magnetization before and
after the RF pulse. As mentioned before, any refocusing
RF pulse is equivalent to an instantaneous operator ap-
plied at the RF pulse center with free rotation and relax-
ation between RF pulse centers. The free rotation angle
® during t for a spin with Larmor frequency f; is
® =2n-fi 1. Since M is periodic in @ modulo 2n and
all RF pulses occur at a time that is an integer multiple
of 7, the magnetization M, (®) and M_(P) immediately
before and after any RF pulse j in the train is a discrete
and finite sum of exp(im®):

My()) =) an(j) - exp(im®), (5a)

§ cm

where m is an integer, and a,,(j), and c,,(j) are indepen-
dent of @ [21]. M. must be real for any m and @, there-
fore ¢, in (5b) must be the complex conjugate of c_,,;:

Cm(j) = cim(j)' <6)
To simplify the notation we shall remove from now on
the RF pulse index ;.

Egs. (5a) and (5b) states that a finite number of coef-
ficients a,, and ¢,, is required to compute M for any arbi-

-exp(im®), (5b)

trary @. This simplifies considerably the calculation of
M along the echo train. Using (4) we can express the lin-
ear relation between the coefficients a_, ¢ before the RF

pulse and the coefficients a, ¢’ afterml’t 5
a, @) - 20'B a,
an = -y & 20" a |,
Co o' B —op wa— BB/ \

(7)
where * denotes complex conjugate. If a,, and ¢, prior

to the RF pulse are known for all m, g and ¢, after
the RF pulse are calculated for all m using Eq. (7).

2.2. Free rotation

As shown in Appendix A, the effect of spin-diffusion
during free rotation is to attenuate «,, and c,, at a rate
that depends on m. Therefore, the free evolution of
M., and M. ¢ seconds after the RF pulse is given by:

My (t) = ey - exp(iQ0) - Y _ an(t) - exp(im®), (8a)

o Yenlt

where a,,(¢) and ¢, () are given by Egs. (A.8) and (A.9);
Q is the Larmor angular frequency Q = 2nf;; @ = Q1 is
the rotation angle during t; e; = exp(—#/T7) and e, =
exp(—t/T,). To calculate the decay of a,,(¢) and c,,(?)
vs. t we compute the local field gradient G = V|By(r)|
for each voxel on the spatial grid r as explained in
Appendix A.

-exp(im®) + 1 — ey, (8b)

2.3. Time evolution of M (t) using phase diagrams

Phase diagrams [11,12] describe graphically the evo-
lution of the phase of «,, and ¢, vs. time along the echo
train. A phase diagram for the first two refocusing RF
pulses P, and P, is shown in Fig. 2. The first RF pulse
Py converts the thermal equilibrium magnetization M,
into transverse and longitudinal components M, (0)
and M. (0), respectively. Since M,,(0) and M.(0) are
independent of @ the expansion in (5a) and (5b) consists
of only one coefficient with m =0, i.e., M, (0) = ay and
M_(0) = ¢p. During 7 @y and ¢, evolve according to (8a)
and (8b): ag decay due to 75 and diffusion while acquir-
ing a phase @, and ¢, undergoes 7; relaxation and
attenuation due to diffusion. Prior to P; there is one
transverse component a; with phase ¢ that originate
from ay and one longitudinal component c;:

ay = E; - exp(i®) - ao(1), (9a)
Ca:El’CO‘i‘l_El, (9b)

where @ = Qt,E; =exp(—1/T)) and E, = exp(—1/T>).
ap(t) is obtained by substituting m =0 and =1 in
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Fig. 2. Phase diagram of the first two RF pulses P; and P,. @ is the
free rotation angle during z. The magnetization immediately after RF
pulse j is a discrete sum of 4j — 1 complex exponents with coefficients
a,, and ¢, and phase m® where m = —(2j — 1) to 2j — 1.

(A.8). According to (7) Py splits a; into af and a*| with
phase @ and —®, respectively and into ¢ and ¢f* with
phase @ and —@. ¢, is split into g¢j and ¢j. During
the time 2t between Py and P,, a*|, a}, and a] decay
due to T, and diffusion and acquire a phase of 2® radi-
ans. Similarly ¢, ¢j, and ¢/* undergo 7 relaxation and
diffusion. Prior to P, there are three transverse compo-
nents a, with m=1,2, and 3 and phases @, 2¢, and
3, and 3 longitudinal components c, with m =
—1,0,1, and phases —®,0,®. P, converts them into 7
transverse and longitudinal components «;, and ¢, with
m = =3 to 3 and phases —3® to 3. In general, after RF
pulse j there are 4j — 1 transverse components a; and
4j — 1 longitudinal components ¢} with m going from
—(2j — 1) to 2j — 1. Therefore, the sum over m in (5a),
(5b), (8a), and(8b) is finite with |m| < 2j— 1. In Eq.
(7) m=0 to 2j—1 since a,, and a_,, are calculated
simultaneously.

Finally a! and ¢} are calculated for all the RF pulses
in the train by going from the first to the last RF pulse
using (7), (8a), and (8b). These calculations are carried
out for all relevant spatial locations, because a; and
¢! depend on r through « and f.

2.4. Calculation of echo magnetization

So far we have calculated M (¢) at a given spatial po-
sition r. To compute the magnetization for the whole
sample we integrate M () in Egs. (8a) and (8b) over r.

My (t) = / My (r) - ez - expliQ(r) - > an(r,1)

m

- exp[im®(r)] - dr, (10)

where M, (r) is the local equilibrium magnetization,
which is proportional to the local field By(r) and
&(r)=Q(r)-t is the phase acquired during 7. m,,(7)
may be written as a sum over m of echo magnetizations
where echo m is given by

miﬁho(m, t) = /Mo(r) ey ap(t,r) - exp{i[Q(r) - t

+mQ(r) - 1]} - dr. (11)

The detected signal s(¢) is proportional to my,(f) [22]
and is sampled over a finite time window W(f), which
is usually a square window of T seconds. Therefore
the sampled magnetization 7, () is a multiplication of
my,(t) and W(z).

iy (£) = (1) - W (1) (12)

My, (1) reaches a peak at a time ¢ = #..h, Wwhen the phase
Q(r) techo + mQ(r)-t of echo m in (11) is zero, so that
techo = —m- 7. Since 0 < ¢ < 27 there are three echoes at
techo = 0,7, and 2t. If the time difference between these
echo peaks is equal or greater than the sampling window
duration, the window W(¢) can be located close to any
single echo peak and the sampled magnetization 7n,,(t)
consists of this single echo with negligible contributions
from other echoes. For our sequence the sampling win-
dow is centered at feho =T so that 7, (¢) consists of a
single echo with m = —1. From (11):

Ty (t) = /rMo(r) ey a_(r,t) - expliQ(r) - (¢ — 1) - dr.

(13a)
That can be rewritten as
i) = [ M) explie() - (- 9] dr (130)
where
ME(r) = Mo(r) - By - a_y(r,7) (14)

a_(r,7) at ¢t =t is calculated from a*, using (A.8). As
expected, the echo magnetization Mi;h"(r) at r is the
Fourier transform of 7, (7).

The longitudinal magnetization of the sample is ob-
tained by integrating Eq. (8b) over r:

m.(t) = / Mo(r) - {61 Y en(tr) - explim®(r)]

+1—e1}'dr. (15)

As before, m.(t) = m.(¢) - W(¢) is found by setting the
phase factor in (15) to zero so that m = 0:

() = [ M) -ar

= /Mo(r) ler co(ryt) + 1 —e] - dr, (16)
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where M (r) is the longitudinal magnetization at loca-
tion r and time 1 =1 :

MjchO(r) :MQ(V) . [El .CO(r, ‘5) +1— E]] (17)

co(r,t)is copat t=1.
MM (r) and M3 (r) are calculated for all the RF
pulses over the grid r using (14) and (17).

2.5. Strategies to minimize computation time

Minimization of computation time is very critical for
systems with inhomogencous fields because there are
many RF pulses and because a dense grid of points in
space is required to calculate the magnetization and
the signal accurately. In this section we shall show
how to minimize the number of calculations while pre-
serving accuracy. In previous sections we have calcu-
lated a; and ¢/ for all m. However, to compute the
echo magnetization M*™(r) we need only a*, and ¢;.
Therefore, we have to calculate only those «,, and ¢,,
that contribute to a*, and ¢/ along the train.

Fig. 3 shows a phase diagram with L = 5 RF pulses.
As we know there are 4j — 1 coefficients with |m|
< 2j — 1 after RF pulse j. We have drawn a subset of
these values with |m| < 1,3,5,3,1 after P, to Ps, respec-
tively. It can be seen by inspection that only coefficients
with m values within the subset in Fig. 3 contribute to
at, and ¢j after any of the L =5 RF pulses, so that m

Phase

Time

[ -1

Fig. 3. Phase diagram of L =5 refocusing RF pulses. There are 3, 7,
11, 15, and 19 a,, coeflicients after P, to Ps, respectively, with |m| < 1,
3, 5,7, and 9. The m values shown in this figure are a subset with
Im| <1, 3, 5, 3, and 1. Only m values within this subset contribute to
a*, after any of the L RF pulses.

values outside this subset can be ignored. For example
a’ or ¢! with m = 4 immediately after P, will not con-
tribute to a*, or ¢j after P, or Ps. This can be general-
ized by reducing the RF pulse number j to an effective
RF pulse number J.; such that the subset of m values
that we use after RF pulse jis N = 4J.r — 1 rather than
4j — 1, with |m| < 2J5 — 1. The effective RF pulse num-
ber J.q for RF pulse j is given by:

Jer =j for j<(L+1)/2, (18a)

Jr=L+1—j fOI‘j>(L+1)/2. (18b)

In Fig. 3 where L =5 and j = 1-5, Jos=1,2,3,2,1 with
lm| < 1,3,5,3,1, respectively. By using |m| < 2J.5— 1)
instead of |m| < (2j — 1) the number of coefficients a,,
and ¢, that have to be calculated decrease by a factor
of 2.

In many applications we need only the echo trans-
verse magnetization Mi;h" in (14) and we do not have
to calculate M. In this case only coefficients that con-
tribute to a™; should be computed. From Eq. (7) and the
phase diagrams in Figs. 2 and 3 we find that an RF pulse
or a free rotation operator cannot transform a,, or ¢,
with even m value into a,, or c,, with odd m value and
vice versa. Therefore, only coefficients with odd m val-
ues contribute to a’, along the echo train (m=—1 is
odd), and all the coefficients with even m values can
be ignored.

In summary, the number of coefficients that have to
be calculated decreases by approximately a factor of 2,
from 4j — 1 to 4J.z — 1. If we do not calculate M*™ a
further reduction by another factor of 2 is possible be-
cause 4,, and c¢,, with even m values can be ignored.

2.6. Signal amplitude calculation

The calculation of the signal and the magnetization is
done in the B, frame, where the local By (r) is along the
z-axis. The signal s;(r) after RF pulse j is calculated on a
discrete spatial grid r = {x;,3;,z;}. 5;(r) is given by [22]:

5i(r) = Q(r) -+ dV - [buy| - M (r)] - exp(iB), (19)

where |b;,,| and |M"°(r)| are the modulus of the com-
plex numbers by, Eq. (2) and M3 (r) Eq. (14), respec-
tively, and f§ is the angle between them; Q(r) is the
angular Larmor frequency of the spin at » and dV is
the volume of the voxel on the grid at ». When the same
RF coil is used for excitation and detection f is constant
for all r. Mf;ho(r) precesses at an angular Larmor fre-
quency €, so that the signal vs. time is s;(r)-exp (i
(r)- 7). The detected signal S;(¢) from the excited volume
after RF pulse j is a sum of the signals from all the
voxels:

S, = 37 5,(r) - exp(iQ(r) - ). (20)

voxels
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Hence S;(¢) is the discrete inverse Fourier transforma-
tion of s;(r). The signal at the peak of echo j where all
the voxels are approximately in phase is

Si=Y_s5(r). (21)
voxels

We have to calculate s;(r) for all the points on the grid
for all the echoes. This is a very demanding task when
the number of RF pulses and/or the number of points
on the spatial grid is large. For spatially inhomogeneous
fields the grid must be dense enough to assure good
accuracy and the time between adjacent RF pulses must
be short (i.e., a few microseconds) to prevent fast signal
decay due to diffusion. In typical cases the total number
of points on the grid exceeds 10° with over 1000 RF
pulses. To reduce the computational load we calculate
s;(r) for only the first 50-100 RF pulses and fit the time
decay of each voxel to a mono-exponential function
with time constant 7,.(r) while ignoring the first 3-5 ech-
oes. The approximation of s;(r) along the echo train to a
mono-exponential function reduces computation time
significantly while preserving accuracy. The signal S; at
the peak of echo j Eq. (21) at time ¢; = 2jt is given by

Sp="Y_ si1(r) - exp[—t;/Te(r)], (22)
voxels

where s; (r) is the signal of the first echo we use. This is
very economical in computer resources, because only
s1(r) and T,(r) needs to be computed and stored in
memory for each voxel instead of the vector s;(r) for
all j. Since S; decays with time along the echo train
due to Ty, T, and spin-diffusion, it can be fitted to an
exponential function and this fit yields the time constant
Te:

S; = S1-exp(—t;/7c), (23)

where S is the signal of the first echo that we use and
t;=2jt is the echo time along the train. We have found
that the approximation of S; to a single exponential de-
cay in (23) is excellent with no visible difference between
the two. In the experimental section below we shall com-
pare the calculated and measured time constant 1. of S;
from an inside-out MR catheter.

2.7. Algorithm implementation

A simulation program was written in MATLAB
(MathWorks, Natick Mass. USA) to calculate the echo
magnetization and the signal along the echo train on an
arbitrary 3D spatial grid r with known Bq(r) and By (r).
The program calculates the RF waveform and optimal
current taking into account the known impulse response
of the RF coil. The gradient G=V|B(r)| is computed for
all the voxels in r as explained in Appendix A. The echo
magnetization and signal from each voxel Eq. (19) and
from the whole excited volume Eq. (22) are calculated

along the echo train. The relaxation times and the diffu-
sion constant D are defined on a pixel-by-pixel basis.
This enables us to test tissue contrast and any other
desired parameter for structures with arbitrary
morphology.

To demonstrate the performance of the simulation we
computed the echo magnetization of a CPMG pulse
train with L = 50 selective refocusing RF pulses (3 kHz
bandwidth and 3 ms duration) with an RF flip angle
of 180° in a uniform B, field and a B, with a constant
gradient G = 10 Gauss/cm. Sample parameters are
Ty =2000ms, 7>=1000ms, and D =2.0x10"" m?s.
The time between echoes is 2t = 10 ms. Figs. 4A and B
show a 2D plot of the y-component of Mijh" and
M, respectively, for j=1-50 RF pulses vs. r with a
grid of 50 equally spaced points from —1.17 to
1.17mm. The negative value of M. is displayed in Fig.
4B to better visualize the data. The selective RF pulse
excites a 0.7mm slice centered at r = 0, and M;;ho decays
with a time constant of 74 ms. This calculation was

A
P e
i
SR e i II”
: i i B
0.2 i 1 \
50 // \\—\.\.&Q\\\\\\\
41 A
20 = "/I
RF pulse » 05 r mm
B

RF pulse

Fig. 4. The y component of Mi;'“’ (A) and —M™ (B) along a CPMG
pulse train with L =350 selective refocusing RF pulses vs. spatial
position r. The negative value of M. is displayed in (B) to better
visualize the data. The spatial grid consists of 50 equally spaced points
from —1.17 to 1.17mm with a field gradient of G = 10 Gauss/cm with
2t = 10 ms between echoes.
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completed in about 0.4s using MATLAB 6.1 on a
700 MHz PC computer. The computation time de-
creased to 0.1 s when we used the above-mentioned
strategies to reduce computation time by a factor of 4.

3. Experimental results

3.1. Measurements with a high field NMR microscopy
system

To verify the theory we measured the decay time con-
stants of water with known diffusion coefficient and relax-
ation times at various RF flip angles and gradient
amplitudes and compared it to the decay rates calculated
by the theory. The measurements were performed on a
high field NMR system equipped with magnetic field gra-
dients operating at 400 MHz (Bruker Avance 400 WB,
Bruker. Karlsruhe Germany). We used a sample of doped
water at 20°C with diffusion coefficient D =2.0 X
10~ m%/s. The RF flip angle was calibrated with a gradi-
ent echo pulse sequence and the gradient amplitude was
calibrated by applying gradient pulses with a known cur-
rent and measuring the shift of the resonance line.

We used a CPMG pulse sequence with 100 refocus-
ing RF pulses, 4.1 ms between echoes and a sampling
rate of 16 kHz. The RF pulses were sinc pulses with 3
lobes. Each data set was acquired in two experiments,
where the phase of the 90° RF pulse was inverted in
the second experiment and the results subtracted to
eliminate baseline and systematic errors. The sampled
data was separated into echoes and each echo was Fou-
rier transformed and phase corrected. The measured
signal of each echo was calculated by summing the rel-
evant points within that echo. We sampled all the
L =100 echoes and created a vector S with 100 points
acquired at the echo centers of the CPMG pulse train.
The vector S was fitted to an exponential function,
which gave the time constant of the decay of the mea-
sured signal. The theoretical signal vector S was calcu-
lated in a similar way by running the simulation
program with the same sinc RF pulses and summing

Table 1

the points within each echo. The time constant of the
decay of the calculated signal was obtained by a least
squares exponential fit.

The longitudinal relaxation time 7; of the water sam-
ple, measured with an inversion recovery pulse se-
quence, was 910 ms. 7, was measured by running the
CPMG pulse sequence at zero gradient and RF flip an-
gle of 180° (experiment number 10 in Table 1). The mea-
sured time constant of 216 ms depends slightly on T
through stimulated echo pathways. To determine 7,
accurately we calculated the time constant of the signal
(using our program) with zero gradient as a function of
T, for T, =910 ms. We found that a time constant of
216 ms corresponds to 75 =200 ms. These 7 and T,
values were used in the calculation of the theoretical
time constants.

The measured and calculated time constants for var-
ious RF flip angles and gradient amplitudes are listed in
Table 1. The agreement between calculated and mea-
sured values is good in all cases.

3.2. Results from an inside-out NMR intra-vascular
catheter

In this section we present calculated and measured
data obtained with an MR intra-vascular catheter devel-
oped by TopSpin Medical (Lod, Israel). The purpose is
to demonstrate the agreement between measured and
calculated data. A detailed description of the catheter
is presented elsewhere [23].

The catheter, shown schematically in Fig. 5, is an in-
side-out system with a pair of miniature Nd Fe perma-
nent magnets (Vac, Hanau, Germany) of 1.6 mm
diameter and 3 mm length for each magnet, separated
by an air gap of 0.9 mm. A miniature solenoid transmit/
receive RF coil of 2mm length by 1 mm width by
0.2 mm height with 110 turns centered at the air gap be-
tween the magnets generates the RF field B; (r). The mag-
nets are magnetized at an angle of 45° with respect to the
magnet axis (the z-axis) as depicted in Fig. 5 in order to
maximize By at the sensitive region of the RF coil. Close
to the center of the coil at z=0 the B, field lines are

Measured and calculated time constants along a CPMG echo train of a sample of doped water vs. gradient strength and RF flip angle

Experiment RF flip angle (°)

Gradient (Gauss/cm)

Measured TC (ms) Calculated TC (ms)

1 180 40
2 180 20
3 180 10
4 90 40
5 90 20
6 90 10
7 45 40
8 45 20
9 45 10
10 180 0

25.3 25.9

74.7 75.3
151 144.4

19.3 18.4

62.3 60.6
145 142.8

12.7 12.9

46.8 46.6
125 130
216

Sample parameters: D = 2.0 x 10~° m%/s, T; =910 ms, T> = 200 ms. The data were acquired with a 400 MHz MR microscopy system.
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Fig. 5. The MR catheter for intra-vascular tissue characterization. The
catheter consists of two permanent Nd Fe magnets of 1.6 mm diameter
and 3 mm length separated by a 0.9 mm air gap and a 2 mm x | mm by
0.2 mm solenoid RF coil. The magnets are magnetized at an angle of
45° with respect to the z-axis in order to maximize B, at the sensitive
volume near the RF coil. Close to the center of the RF coil By is along
the z-axis and Bj is along the x-axis.

approximately parallel to the z-axis and the B field lines
are parallel to the x-axis. During data acquisition the
catheter is attached mechanically to the vessel wall for tis-
sue characterization.

To calculate the signals from the catheter the fields
By(r) and Bj(r) were measured with a Hall probe with
a resolution of 50 um and interpolated to a resolution
of 20um for x=0.8-1.5mm, y=—1 to 1 mm, and
z=—1.5 to 1.5 mm. A CPMG pulse sequence with
3000 RF pulses of 2us duration and 1 MHz bandwidth
with 27 = 11.6 us between RF pulse centers was applied
on a doped water sample (D=2x10""m?%s, T,=
200 ms, and 7> = 100 ms). The bandwidth of the RF
pulses was calculated from the impulse response of the
RF coil with Q =~ 12. Two volumes, centered at a dis-
tance of about 50 and 150 um from the coil where B,
is 0.23 and 0.2 T, respectively, were excited by setting
the frequency of the RF pulses to 9.5 MHz and then
to 8.5 MHz. The field gradient G(r) = V|By(r)| was cal-
culated from the measured field for all the voxels in
the excited volumes. The average gradient for the vol-
umes at 9.5 and 8.5 MHz was 370 and 320 T/m, respec-
tively. The signal s, (r) and the time constant 7,.(r) were
computed for all the relevant voxels using G(r), D, T,
and T>. The signal S; at the peak of echo j was calculated
for all the echoes j = 1-3000 using Eq. (21). Finally the
time constant 7. (Eq. (23)) for both volumes was ob-
tained by fitting S; to an exponential function.

Table 2

Measured and calculated time constants 7. (Eq. (23)) along a CPMG
echo train of a water sample using the intra-vascular MR catheter
shown in Fig. §

RF frequency (MHz) Calculated 7. (ms)

9.5 2.8+0.24 2.77
8.5 32104 3.50

Sample parameters: D =2.0x 10" m%s, T, =200ms, 7>= 100 ms.
The errors of the measured 7. are derived from the standard deviation
of the noise.

Measured 7. (ms)

To verify the results of the simulation experimentally,
the decay of the echo signal along the train was mea-
sured with the MR catheter. During the experiment
the catheter was immersed in the doped water sample,
and echoes from the above-mentioned CPMG sequence
were acquired from the two volumes at 8.5 and 9.5 MHz
with a repetition time (TR) of 200 ms with 200 signal
averages. The measured time constant t. was derived
by fitting the signal at the peak of the echoes along
the train to an exponential function. The calculated
and measured time constants for both volumes are listed
in Table 2. The deviation between measured and calcu-
lated time constants at both frequencies is within the
root mean square (rms) error caused by the standard
deviation of the noise in the measured data. The error
at 8.5 MHz is higher because the signal-to-noise ratio
is lower due to its larger distance from the coil center.

4. Discussion and conclusion

The algorithm presented in this work computes the
time evolution of the magnetization M and signal s on
a predefined spatial grid taking into account relaxation
and spin-diffusion.

The accuracy and efficiency of the calculation stems
from the fact that M, after RF pulse j is a polynomial
of exp(i®) with N =4j — 1 coefficients a,, Eqgs. (5a) and
(5b):

2j-1

> an-exp(imd). (24)

m=—(2j—1)

M, (@) =

It can be shown [24] that a,, can be derived from M, (®)

evaluated (using Eq. (24)) at N discrete values of @

around the unit circle, i.e., at @, :%k radians with
=—Q2j—1Dto2j—1:

2j-1
‘ 2
M, (D) = E Ay - €XP <im . %k) (25a)

m=—(2j—1)

From reference [24] a,, is the inverse discrete Fourier
transform of M, (®y):

353
am = =
N =—(2j-1

M, (Py;) - exp (—im . 2—“1{) (25b)
= N
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Similar expressions can be derived for M_.(®;) and c,,.
Therefore the magnetization M can be equivalently
characterized either by the coefficients @, and ¢, or by
M., (®r) and M. (D). Kiselev [7] uses M., (P;) and
M_(®,), whereas in this work we use «a,,, and ¢,,. Conse-
quently both solutions are equivalent in terms of com-
putation time.

The approach presented in this paper has the follow-
ing advantages: (i) Based on the RF pulse operator in
Eq. (7) the evolution of M can be described graphically
using phase diagrams, allowing a simple way to follow
the evolution of M along the train. (ii) Using phase dia-
grams we were able to reduce computation time by a
factor of 4 as explained above. (iii) The magnetization
of echo m is simply proportional to a,, (Egs. (11) and
(14)) such that the calculation of the magnetization of
any echo is trivial.

The RF pulse dependence on off-resonance Af
is incorporated through « and f in Eq. (7). This is
important for systems with inhomogeneous fields
where the bandwidth of the RF pulses is narrower
than the range of Larmor frequencies of the spins in
the examined volume. The method can be easily ex-
tended to any other sequence by concatenating RF
pulse operators (Eq. (7)) and free evolution operators
(Egs. (8a) and (8b)).

A well-known technique to create diffusion-weighted
images is to prepare a diffusion weighted initial magne-
tization ay and ¢y (Egs. (9a) and (9b)) before running
the multi-echo sequence [25-27]. The preparation phase
can be a stimulated echo or a spin-echo sequence with
long gradient lobes. Our algorithm may be used to
compute the signal of any diffusion weighed sequence:
ap and ¢y are calculated using Eqgs. (A.8), (A.9) or
(A.5), and the signal decay along the echo train is com-
puted as explained before. Note that when time varying
gradients are employed the general expression Eq.
(A.5) must be used instead of Egs. (A.8) and (A.9)
and the factor F calculated from the known gradient
waveform. In some applications [25,26] it is necessary
to separate the signal into even and odd echoes [12].
In this case the echo train is calculated twice employing
a phase cycling scheme as explained in [12] with signals
s1 and s,. The even (odd) echoes are calculated by add-
ing (subtracting) s; and s;.

The method presented in this work was imple-
mented in a simulation program that computes and
displays the magnetization and signals from all the
voxels on a spatial grid for all the echoes along the
train using measured or simulated fields By(r) and
Bi(r). Measured data obtained with a high field
NMR microscopy system and an intra-vascular MR
catheter agree with the theoretical prediction of the
simulation. This simulation program is utilized to opti-
mize the design of the magnets and RF coil configura-
tion of the MR catheter.
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Appendix A

The free solution (without RF) of the Bloch equations
with diffusion can be found in reference [9] based on ref-
erences [8] and [28]. In this Appendix we generalize this
solution to the case of inhomogeneous By and B fields.

The magnetization between RF pulse j and j + 1 is gi-
ven by (Egs. (8a) and (8b)):

M (t,®) = ey - exp(ip) - > an(j, 1) exp(im®), (A1)

Mi(t,®) =€+ Y culj,t) exp(im®) + 1 — ey, (A.2)

where ¢ = 0 is defined as the time immediately after RF
pulse j, 0 <t <2tand m= —(2j — 1) to 2j — 1. We shall
calculate the evolution in time due to diffusion of a,,(?)
and ¢,,(?) in (A.1) and (A.2). @ and ¢ in (A.1) and (A.2)
are the precession angle around the local static magnetic
field at the Larmor frequency f; from =0 to t =7 and
from¢t=0tot=rt

¢ = /)TZE fu(d) - dr, (A.3)
:

(1) :/0 2n- (7)) - df, (A.4)

where f1 (¢) is the Larmor frequency at time t:

Jo=5r 1Bl

and |By(r)| is the vector magnitude of By at r.
The time evolution of a,,(f) is given by Eqgs. (7) and
(8) in reference [9]:

an(t) = an(0) - exp (—D /0 "Fm, /)d/), (A.5)

where  F(m,t) =m*- ® +2m-®,-$, + >,  where
@, =V, the spatial gradient of @, and ¢,=V¢. D is
the isotropic diffusion coefficient.

Usually By is constant in time but vary spatially. We
expand the vector magnitude of By(r) in a Taylor series
|Bo(r)| ~ By + V|By(r)| er, where Bj is a constant,
V|By(r)| is the spatial gradient of |By(r)| and e is dot vec-
tor multiplication. To simplify the Equations we define
G =V|By(r)|. For time-independent By(r) we obtain for
¢ and @:
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@ =2nfit=—y- |Bo(r)|t = —yBSt — y1G e, (A.6)
D, =VP = —1G,
¢ =—yBjt —ytGer, (A.7)

¢, =V =-—G.
From Egs. (A.5), (A.6), and (A.7):
an(t) = au(0)
- exp {fDG2 Mt mye - A t3/3]},
(A.8)

and G” is the square magnitude of G.
The time evolution of ¢,,(¢) is given in Eq. (13) of ref-
erence [9]. Using (A.6) and (A.7):

cn(t) = cn(0) - exp[—DG* - m*y* - T%1]. (A.9)

Note that Egs. (A.8) and (A.9) hold only for an isotropic
diffusion constant D. In case of an anisotropic diffusion
D becomes a tensor with values Dy, D,,, and D33 along

the principal axes of the tensor. The expression DG in
Eqgs. (A.8) and (A.9) is replaced by

DG* — Dy, - G + Dy - G5 + D33 - G, (A.10)

G, G,, and G; are the components of G along the prin-
cipal axes of the tensor D.
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